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SMOOTH BIG BOUNCE FROM AFFINE QUANTIZATION
HERVE´ BERGERON, ANDREA DAPOR, JEAN PIERRE GAZEAU AND PRZEMYS LAW
MA LKIEWICZ
Abstract. We examine the possibility of dealing with gravitational singularities
on a quantum level through the use of coherent state or wavelet quantization in-
stead of canonical quantization. We consider the Robertson-Walker metric coupled
to a perfect fluid. It is the simplest model of a gravitational collapse and the results
obtained here may serve as a useful starting point for more complex investigations
in future. We follow a quantization procedure based on affine coherent states or
wavelets built from the unitary irreducible representation of the affine group of the
real line with positive dilation. The main issue of our approach is the appearance
of a quantum centrifugal potential allowing for regularization of the singularity, es-
sential self-adjointness of the Hamiltonian, and unambiguous quantum dynamical
evolution.
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1. Introduction
The purpose of this article is to examine the implementing of the coherent state
quantization, as presented for instance in Chapter 11 of the recent [1], in the study
of the gravitational singularities. We consider the Robertson-Walker metric coupled
to a perfect fluid. It is the simplest model of a gravitational collapse and the results
obtained here may be a useful starting point for more complex investigations in
future. In particular, the examination of such issues as the probability for inflation
in the presence of a scalar field in quadratic potential (see e.g. [2]) are postponed
until next papers.
Canonical, or Weyl, or Weyl-Wigner, quantization of a Friedman-Lemaitre uni-
verse with an eye towards the fate of gravitational singularity has been studied
extensively. Early treatments include Blyth and Isham [3], featuring a discussion
on the ambiguous meaning of singularity resolution, and the work by Lapchinskii
and Rubakov [4], who obtained a quantum non-singular perfect fluid-filled universe.
However, the interpretation of these and other, more recent, results is not obvious for
at least three reasons. Firstly, in [4] it was shown that the classical and singular evo-
lution can be replaced by a unitary and thus non-singular one, provided one fixes an
appropriate boundary condition to ensure self-adjointness of the Hamiltonian. Unfor-
tunately, there are infinitely many ‘equally good’ choices for the boundary condition
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and the choice has to be made without a clear justification. Furthermore, the singu-
larity resolution corresponds simply to a reflection of the wave function against the
singularity, while one would expect the quantum effects to appear and play a role
in dynamics already before the singularity is reached. Secondly, at the fundamental
level, the prevailing attitude towards quantum gravity is that one needs some addi-
tional input, let it be loops, strings or triangulations. The inclusion of these basic
premises should give rise to novel effects in the context of mini-superspaces. Finally,
there is the so-called ‘problem of time’: in canonical quantum gravity one is forced
to describe the evolution of the space with respect to a chosen degree of freedom and
it may be shown that the resultant quantum theory significantly depends on this
choice [5]. In this light, the expectation that Weyl quantization of mini-superspaces
should lead to some important clues about the singularity may seem doubtful.
Recently, it has been argued that quantum cosmology may become an empirical
science but only if developed as an effective theory [6]. There are simply too many
unknowns, including unresolved conceptual issues and technical complexities, to have
a hope that a fundamental and rigorous approach is feasible. Bojowald suggests that
a good cosmological theory should therefore be flexible enough to parameterize our
ignorance. Canonical quantization is in a sense rigid and will not provide us with
parametrizable physical models. For a clear and comprehensive review of various
quantization methods (e.g., canonical, geometric, deformation, ...) we refer to Ali
and Engliˇs in [7]. In what follows, we propose to relax the usual, canonical, quanti-
zation prescription by implementing coherent state quantization in the study of the
cosmological singularity.
The coherent state quantization was demonstrated to be a valid alternative to
canonical quantization in dealing with various simple systems (see [1, 8, 9], particu-
larly [10] for deep probabilistic aspects of the procedure, and references therein). It
is a flexible method, because it allows for a reasonable amount of freedom due to the
free choice of coherent states (or ‘wavelet basis’) which determine the quantum realm
of a model. In CS quantization one does not require that the Poisson bracket of basic
variables is strictly mapped into the corresponding Lie algebra of the operators. Be-
sides the standard linearity, identity correspondence 1 7→ I and the self-adjointness
of quantum observables, the only minimal conditions are: (i) the quantization must
agree with available measurements and (ii) it should consistently admit the classical
limit. In this way one allows for many more possibilities. This seems to be a desired
quality for quantizing the gravitational field. Surprisingly, relaxing some of the usual
quantization constraints leads to the occurrence of a quantum repulsive potential,
which regularizes the singularity and leads to a unique unitary evolution across the
bounce. This is the central result of this work. On top of that, CS quantization
naturally provides a semiclassical counterpart for the quantum ‘true’ Hamiltonian
through the so-called ‘lower symbol’. Last but not least, CS have the advantage
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of being well-suited to deal with non-standard (e.g. non-polynomial) Hamiltonians
occurring in gravitational systems, which may be useful in future investigations.
Let us emphasize that it is not an ad hoc, fine-tuned, ordering of basic operators
that leads to the regularization of singularity. Rather, having given up the usual
Weyl-Wigner quantization, we follow an alternative and equally general prescription
based on coherent states. Since the cosmological model considered herein is defined
in the phase space, which is the half-plane, and since the half-plane is also the affine
group, it is natural (and straightforward) to employ the affine group, and not the
Weyl-Heisenberg group, for the construction of coherent states. Actually, it turns
out that the same mechanism of the singularity avoidance can also be derived with
Weyl-Heisenberg coherent states, as is shown in Appendix D. However, the derivation
is less immediate.
The time problem understood as the ambiguity in the choice of time function is
beyond the scope of the present paper. We choose to introduce perfect fluids into
the model and use them to ‘gauge’ the evolution of the remaining variables. The
advantage of this approach is twofold. First, we obtain a time-independent true
hamiltonian. This property simplifies the subsequent analysis and can be readily
extended to anisotropic models, including the Bianchi IX type1. Second, with this
choice of time all the geometrical quantities are ‘physical’ and thus, we may proceed
with quantization of the symmetry-reduced ADM phase space with its characteristic
ranges of canonical coordinates.
This paper is organized as follows. In Section 2 we recall briefly the equations of
the FLRW model, we define the Hamiltonian and the relevant physical quantities.
In Section 3 we present the details of our covariant quantization scheme based on
an Unitary Irreducible Representation (UIR) of the affine group. At this stage some
important parameters of the representation are not specified. The expressions of
quantized observables are given in Section 4. In Section 5 the parameters of the
representation are specified, we obtain analytical expressions, and we perform nu-
merical simulations. We analyze the physical aspects of our results in Section 6 and
we conclude in Section 7. For connections of our approach with the affine quantiza-
tion of gravity, see Appendix A. Appendix B is a short review of the affine group and
its representation(s). Appendix C introduces affine coherent states in full generality.
The main result of the present paper, namely the appearance on the quantum level of
the centrifugal potential and its regularizing roˆle, is re-derived with Weyl-Heisenberg
coherent states in Appendix D.
1Contrary to massless scalar fields, which are often employed in quantum cosmology, perfect
fluids generally do not suppress the oscillatory nature of the singularity in Bianchi IX model.
WAVELET QUANTUM COSMOLOGY 5
2. The FLRW model
2.1. Hamiltonian constraint. The space + time split in the Hilbert-Einstein ac-
tion leads to the Hamiltonian density as a sum of first-class constraints [11]:
(1) H = NC0 +NiC
i ,
where
(2) C0 = −q1/2
(
3R + q−1
[
1
2
(pkk)
2 − pijpij
])
, Ci = −2pij;j .
Generalized variables qij correspond to the three-metric on spatial sections of space-
time, 3R is the three-metric Ricci scalar, and pij are generalized momenta (associ-
ated with extrinsic curvature of the three-hypersurfaces) equipped with the Poisson
structure
(3)
{
qij(x), p
kl(x′)
}
= δ k(i δ
l
j)δ(x− x′) .
Scalar N and covector Ni encode the remaining components of space-time metric,
which here play a role of Lagrange multipliers. In the above we have put
(4) κ :=
16piG
c3
≈ 1.24× 10−34 s kg−1 ≡ 1 .
The units will be restored if necessary within the quantum framework when we
substitute H 7→ (1/κ)Hˆ while inserting the Planck area-like aP = κaP ≈ 8.2 ×
10−68 m2 instead of aP . This ap yields the natural length standard
√
aP .
In the FLRW universe the line element is given by:
(5) ds2 = −N(t)2dt2 + a(t)2δijωiωj ,
where 1-forms ωi are invariant with respect to the homogeneity group of spatial
section. The specific form of ωi depends on the spatial curvature (see e.g. [12]).
For metric tensor’s components in (5) we introduce:
(6) a˜ :=
∫
adω
(
∫
dω)
2
3
, p˜a :=
−12
(
∫
dω)
1
3
∫
a
a˙
N
dω, {a˜, p˜a} = 1, a˜ > 0 .
where dω = ω1 ∧ ω2 ∧ ω3. The integration is performed over the whole universe if
it is compact and over any finite patch otherwise. Thanks to the definition of basic
variables (6) we get rid of the Dirac delta featuring in (3), identify the three non-zero
metric components, give a˜ the interpretation of a length and make it convenient to
express the (integral form of) Hamiltonian in terms of them.
The vacuum formulation (1, 2) was extended to include perfect fluids by Schutz
[13]. He used the potential-velocity formulation: uν =
1
hal
(φ,ν +αβ,ν +θs,ν), where uν
are the components of the proper velocity of the fluid’s element, (φ, α, β, θ, s) are inde-
pendent potentials and hal is the specific enthalpy, which is fixed via uνu
ν = −1. The
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specification of the indicated framework to the FLRW models filled with barotropic
fluid subject to the equation of state p = wρ (w = const) is straightforward and may
be found in [4]. In this case the Hamiltonian constraint is (see e.g. [14]):
(7) H = N
(
− p˜
2
a
24a˜
− 6k˜a˜+ pT
a˜3w
)
≈ 0 .
where the dimensionless k˜ = (
∫
dω)2/3k and k = 0,−1 or 1 depending on whether
the universe is flat, open or closed2. Parameters (T, pT ) ∈ R × R∗+ are a canonical
pair associated with the fluid. More specifically, the meaning of pT is the fluid’s
energy times the volume in which it appears at the power w and T is an auxiliary
function of physical dimension of length at the power 1 − 3w. The dimensions will
explicitly agree in (7) once we restore 1
κ
in front of the gravitational part of the
Hamiltonian constraint. In order to bring (7) to more convenient form we define new
basic variables for geometric observables:
(8) (q, p) :=
(
a˜3(1−w)/2,
2
3(1− w) p˜aa˜
(3w−1)/2
)
, {q, p} = 1, q > 0 .
Note that the physical dimensions of q and p:
(9) [q] = L3(1−w)/2 , [p] = L(3w+1)/2 ,
so that [qp] = L2. Thus, after specifying the lapse N = q2w/(1−w), we eventually
obtain:
(10) H =
(
−α(w)p2 − 6k˜qµ(w) + pT
)
≈ 0 ,
where
µ(w) :=
2(3w + 1)
3(1− w) , α(w) :=
3(1− w)2
32
,
and [H] = L(3w+1).
2.2. Reduced phase space. The Hamiltonian formulation of general relativistic
models introduces first-class constraints, given in (2), which reflect the coordinate
freedom in the Einstein theory. Here, the physical symmetry of the FLRW models
enables one to make use of the preferred foliation of space-time and reduce the
formulation considerably to a single constraint (10). To implement quantization one
may employ either the Dirac approach (‘first quantize, then solve constraints’) or
the reduced phase space approach (‘first solve constraints, then quantize’). However,
both the constrained and the reduced phase space will accommodate an incomplete
2Note that the value of
∫
dω is not arbitrary for ‘a’ has the geometrical meaning of the radius
of curvature. For example in the case of the 3-sphere (k=1) we have
∫
dω = 2pi2.
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dynamical flow due to the singularity (in a suitable choice of time variable).3 In what
follows we restrict ourselves to the reduced (unconstrained) phase space analysis, with
the choice of the variable ‘T ’ as a clock.
The reduction of the model goes this way: we start with reducing the symplectic
form Ω to a closed two-form ΩR:
(11) Ω = dq ∧ dp+ dT ∧ dpT → ΩR = dq ∧ dp+ dT ∧ d
(
α(w)p2 + 6k˜qµ(w)
)
.
where we solved the constraint for pT . The form ΩR lives on the constraint surface
and is not symplectic, because it is degenerate with the Hamiltonian vector field
vH = {·, H} being in its null direction. In order to get the physical Poisson bracket
we put T = const and then invert ΩR. Now our system, reduced and no longer
constrained, is given by:
(12) {q, p} = 1, hT = α(w)p2 + 6k˜qµ(w), q > 0 .
Hence we model a singular universe as a particle moving on the half-line, where
the end-point of the half-line signals singularity at which the classical dynamics
terminates. From the explicit form of the Hamiltonian it is apparent that the clock T
is slow-gauge4. Two cases are particularly interesting: (i) w = 1/3, which corresponds
to the radiation as the content of universe; (ii) k = 0, which corresponds to flat FLRW
universe, which apparently can be modeled as a freely moving particle.
The compound geometric observables of physical interest include the volume V
and the expansion rate θ, i.e., the trace of extrinsic curvature:
(13) V :=
∫
a3dω = q
2
1−w , θ :=
2
1− w
q˙
Nq
=
3
8
(1− w)pq−
1+w
1−w .
As the singularity is approached V → 0 and θ → −∞ or +∞.
3. Quantization of the half-plane
Because we are going to use affine transformations of physical quantities, we should
keep control of the physical dimensions. In view of this, we introduce the parame-
ter σ = a
3(1−w)/4
P which has the physical dimension of q. The dimensionless scale-
momentum half-plane is then defined as Π+ = {(q, p) | p ∈ R , q > 0}, where
(14) q :=
q
σ
p := σ
p
aP
3One may argue that even for non-singular models there may exist a choice of clock with an
incomplete Hamiltonian flow. Here we exclude such clocks. For a discussion of the dependence of
quantum theory on the choice of time (so-called ‘multiple choice problem’) we refer reader to [5].
4A clock is slow-gauge if the singularity is reached within a finite time interval [15].
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Equipped with the multiplication
(15) (q, p) · (q0, p0) =
(
qq0,
p0
q
+ p
)
, q ∈ R∗+, p ∈ R ,
it is viewed as the affine group Aff+(R) of the real line (see Appendix B for more
details). This group possesses two non-equivalent unitary irreducible representations
(UIR) Up˜, besides the trivial one. Both are square integrable and this property
is fundamental for the continuous wavelet analysis [16, 17, 18, 19, 20, 1]. Equiv-
alent realizations of one of them, say U+ ≡ U , are carried on by Hilbert spaces
Hα = L2(R∗+, dx/xα+1) where α is an arbitrary real number. Nonetheless, detailed
calculations prove that these multiple possibilities do not introduce noticeable dif-
ferences. Therefore we choose in the sequel the standard case α = −1 and denote
H = H−1 = L2(R∗+, dx). The UIR of Aff+(R), expressed in terms of the physical
phase space variables, acts on H as
(16) U(q, p)ψ(x) = eipx
1√
q
ψ(x/q) .
Given a normalized vector ψ0 ∈ H, a continuous family of unit vectors are defined
as
(17) |q, p〉 = U(q, p)|ψ0〉 , 〈x|q, p〉 = eipx 1√
q
ψ0(x/q) .
where orthonormal basis |x〉 in a distributional sense obeys 〈x|y〉 = δ(x − y). The
transported ψ0 is named in signal analysis (mother) wavelet or fiducial vector. For
the sake of simplicity we assume in the sequel ψ0(x) is real-valued (for a discussion
of complex-valued fiducial vectors, see Appendix C).
Let us define the constants cα (for real α) as
(18) cα :=
∫ ∞
0
ψ0(x)
2 dx
x2+α
,
the resolution of the unity is straightforward:
(19)
∫
Π+
dqdp
2piaP c−1
|q, p〉〈q, p| = 1,
provided that c−1 < ∞, which means that ψ ∈ L2(R∗+, dx/x), or, equivalently, that
its Fourier transform is of null average, a classical requirement of continuous wavelet
analysis. Due to this crucial property, the family (17) is called continuous wavelet
basis (in signal analysis) or coherent state family for the affine group within a more
quantum oriented context. Thanks to (19), the CS quantization of classical functions
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f(q, p) can be implemented through
(20) f 7→ Af =
∫
Π+
dqdp
2piaP c−1
f(q, p) |q, p〉〈q, p| .
Indeed, when properly defined, this map is linear, to f = 1 there corresponds the
identity operator and to real semi-bounded f there corresponds a symmetric operator
with self-adjoint extension(s), i.e. the three basic requirements of any quantization
procedure.
By construction, the map (20) is covariant with respect to the unitary affine action
U :
(21) U(q0, p0)AfU
†(q0, p0) = AU(q0,p0)f , (U(q0, p0)f) (q, p) = f
(
(q0, p0)
−1(q, p)
)
,
U being the left regular representation of the affine group.
4. Physical operators
4.1. Functions of q. The quantization of coordinate functions reads as
(22) q 7→ Aq = c0
c−1
Q , Qφ(x) := σxφ(x) ,
provided that c0 <∞. This operator is self-adjoint.
More generally for β ∈ R
(23) qβ 7→ Aqβ =
cβ−1
c−1
Qβ ,
provided that cβ−1 <∞.
In particular the quantization of the volume V = q
2
1−w reads as
(24) AV =
c 1+w
1−w
c−1
Q
2
1−w
4.2. Functions of p. The quantization of momentum reads as
(25) p 7→ Ap = P , Pφ(x) := −iaP
σ
φ′(x)
This operator is symmetric when defined on rapidly decreasing functions with sup-
port in R∗+, but one can show that there is no self-adjoint extension (the deficiency
indices are (1,0) [21]).
One notices that the affine quantization yields canonical commutation rule [Aq, Ap] =
iaP c0/c−1.
For the “free” Hamiltonian H0 = Ap2 we have:
(26) H0 = P
2 + a2P
K
Q2
, with K = K(ψ0) :=
∫ ∞
0
udu
c−1
(ψ′0(u))
2
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We notice that the quantization procedure always yields an additional term. This
term depends only on the fiducial vector and its importance will be explained below.
4.3. The quantized Hamiltonian. The classical Hamiltonian hT of (12) reads as
(27) hT (q, p) = α(w)p
2 + 6k˜qµ(w) , with k˜ = (∫ dω)2/3 k, k = −1, 0, 1 ,
therefore the quantum Hamiltonian H = AhT reads as
(28) H = α(w)P 2 + a2Pα(w)
K
Q2
+ 6k˜
cµ(w)−1
c−1
Qµ(w) .
Let us notice that K > 0, whatever the choice of ψ. Therefore the singularity x = 0
cannot be reached: this dressing of the classical singularity is an outcome of the
followed CS quantization scheme (through K). Furthermore our procedure yields a
renormalization of the coupling constant of the potential.
If we assume a closed universe with a radiation content then w = 1/3, k = +1 and
k˜ = (
∫
dω)2/3, then variables q and p get both a length dimension (Eq.(9)) and we
obtain the special Hamiltonian Hcr
(29) Hcr =
1
24
P 2 +
a2PK
24
1
Q2
+ 6k˜
c1
c−1
Q2 .
This Hamiltonian is an ordinary differential Sturm-Liouville operator, singular at
the end point x = 0. The functional properties depend on the value of K, as follows
from the analysis of Gesztesy et al [22] (see also [21]). In particular, K = 3/4 is the
critical value, while one would naively expect K = 0, i.e., the infinite barrier, to play
the role. Using the standard approach and terminology of [21], the potential term in
Hcr is in the limit point case at the end point x = 0 if K ≥ 3/4 and in the limit circle
case at x = 0 if 0 ≤ K < 3/4. The potential is in the limit point case at infinity. It
follows that Hcr (defined on the domain of smooth compactly supported functions)
is essentially self-adjoint in the former case. In the latter range of K, the deficiency
indices of Hcr are (1, 1) and therefore more self-adjoint extensions exist; see [22] for
a detailed analysis. In this paper, we choose the fiducial vector ψ0 in such a way
that K ≥ 3/4 in order to comply with essential self-adjointness of the Hamiltonian.
This ensures unambiguous time evolution and singularity resolution at the quantum
level.
4.4. The quantum expansion rate Θ. We have
(30) θ =
3
8
(1− w)pq− 1+w1−w 7→ Aθ = Θ =
3c− 2
1−w
8 c−1
(1− w) 1
Q
1+w
2(1−w)
P
1
Q
1+w
2(1−w)
.
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This operator is symmetric when defined on a suitable domain, but it is not self-
adjoint (or does not possess a self-adjoint extension), from the reasoning previously
developed for P .
5. Explicit formulae in a particular case
In the previous formula the wavelet ψ0 is a free parameter of our CS quantization.
In order to obtain explicit expressions, we decide to fix ψ0 as the following unit vector
in H:
(31) ψν,ξ0 (x) =
1√
2xK0(ν)
e−
ν
4 (ξx+
1
ξx), with ν > 0 and ξ > 0.
We notice that ψν,ξ0 (x) falls off with all its derivatives at the origin and at the infinity.
To calculate the normalization constant involved in the previous definition of ψν,ξ0
(and in order to obtain other useful integrals) we take benefit of the formula [23]
(32)
∀a, b, c ∈ C, <(b) > 0,<(c) > 0,
∫ ∞
0
xa−1e−cx−b/xdx = 2
(
b
c
)a/2
K−a(2
√
bc) .
Here, Ka is a modified Bessel function [24]. We recall that its asymptotic behavior at
large argument ν is Ka(ν) ∼ e−ν
√
pi/(2ν), whereas at small ν  √a+ 1, Ka(ν) ∼
(1/2)Γ(a)(2/ν)a for a > 0 and K0(ν) ∼ − ln(ν/2)− γ.
The coefficients cα defined in Eq.(18) reads as
(33) cα =
ξα+2
K0(ν)
Kα+2(ν).
The coefficient ξ is fixed in the sequel as being
(34) ξ =
K1(ν)
K2(ν)
.
The interest of this choice will become apparent with the study of the operator Aq.
Also note that it implies that, in view of the study of the semi-classical regime, aP
and ν remain the only free parameters.
The coefficient c−1 involved into the resolution of unity is
(35) c−1 =
K1(ν)
2
K0(ν)K2(ν)
.
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5.1. The physical operators. The quantization of the variable q reads as
(36) Aq =
c0
c−1
Q = Q ,
due to of the choice of ξ. The quantization of the potential qβ leads to
(37) Aqβ =
cβ−1
c−1
Qβ =
K1(ν)
β−1Kβ+1(ν)
K2(ν)β
Qβ.
This formula can be applied in particular to the classical volume V = q2/(1−w).
The quantization of the momentum P = Ap is as in (25) while the “free” Hamiltonian
H0 = Ap2 becomes
(38) H0 = P
2 + a2P
K(ν)
Q2
, K(ν) :=
1
4
(
1 + ν
K0(ν)
K1(ν)
)
.
The Hamiltonian H of Eq.(28) reads as
(39) H = α(w)P 2 + a2Pα(w)
K(ν)
Q2
+ 6k˜
K1(ν)
µ(w)−1Kµ(w)+1(ν)
K2(ν)µ(w)
Qµ(w) .
The last quantized observable is the expansion rate Θ = Aθ that reads as
(40) Θ =
3(1− w)
8
K− 2w
1−w
(ν)
K2(ν)
1+w
1−w
K1(ν)
2
1−w
1
Q
1+w
2(1−w)
P
1
Q
1+w
2(1−w)
Finally, as was already pointed out above (Eq. (29)), the special interesting case
of Hamiltonian H is obtained when we assume a closed universe with a radiation
content (k = +1, w = 1/3 and k˜ = (
∫
dω)2/3), and yields the Hamiltonian
(41) Hcr =
1
24
P 2 +
a2P
24
K(ν)
Q2
+ 6k˜
K1(ν)K3(ν)
K2(ν)2
Q2.
5.2. Analysis of Hcr.
5.2.1. Semi-classical point of view. If we perform a semi-classical analysis of the
dynamics due to Hcr obtained in Eq.(41), we see that the supplementary repulsive
potential generated by the quantization leads to a displacement of the equilibrium
point of the potential. While the harmonic potential alone possesses an equilibrium
point located at the singularity q = 0, the harmonic potential corrected with the
supplementary repulsive term exhibits a different equilibrium point which is located
at
(42) q4e =
a2P
144
K2(ν)
2
K1(ν)K3(ν)
K(ν) .
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We recover qe = 0 when aP = 0, but for aP 6= 0 we find that the smallest value
qe ' √aP/5.8 is obtained for ν → 0, while qe → ∞ when ν → ∞. Moreover
the renormalized coupling constant of the potential in Eq.(41) converges to classical
counterpart when ν →∞. Therefore the free parameter ν and the standard aP can
be used to specify the renormalized coefficient of the potential and the position of
the new equilibrium point.
Hence we observe that the semi-classical dynamical behavior of the system is an
oscillation around this point qe and the “bare (or true) classical singularity q = 0” is
never reached.
5.2.2. Eigenstates and evolution operator. With the quantities `, ω and λ defined as
(43) ` =
1
2
(√
2 + ν
K0(ν)
K1(ν)
− 1
)
, ω =
√
k˜K1(ν)K3(ν)
K2(ν)
, and λ = 6ω ,
the eigenvalues En, n = 0, 1, . . . of Hcr read as
(44) En = aPω(2n+ `+ 3/2) .
The corresponding normalized eigenvectors ψn are
(45) ψn(x) = Nn x
`+1L`+1/2n (2λx
2)e−λx
2
.
The functions L
`+1/2
n are the associated Laguerre polynomials [24] and the normal-
ization factor Nn is given by
(46) Nn =
(
2(2λ)`+3/2 n!
Γ(n+ `+ 3/2)
)1/2
.
Introducing a dimensionless evolution parameter τ , related to time t through some
scaling for instance, the evolution operator U(τ) = e−iHcrτ/aP is periodic with period
pi/ω. It is given in terms of matrix elements 〈x |U(τ)|y 〉 by:
(47) 〈x |U(τ)|y 〉 = 2λ
√
xy
| sin(ωτ)|e
iλ(x2+y2) cot(ωτ)J`+1/2
(
λxy
| sin(ωτ)|
)
,
where Jν is a Bessel function. This expression is derived from series involving
Laguerre polynomials [23]. The r.h.s. of Eq. (47) is singular for sin(ωτ) = 0,
〈x |U(τ)|y 〉 being in that case the distribution δ(x− y), corresponding to U(τ) = 1.
5.3. Lower symbols. The expectation values 〈q, p|A|q, p〉 of quantum operators
allow to map the quantum world to the classical one and they are called “lower sym-
bols” [25] or “covariant symbols” [26]. Therefore we can examine the semi-classical
map f(q, p) 7→ fˇ(q, p) = 〈q, p|Af |q, p〉 that exhibits the corrections (regularizations)
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induced from our quantization procedure. The map f 7→ fˇ reads as the integral
transform
(48) fˇ(q, p) =
∫
Π+
dp′dq′
2piaP c−1
|〈q, p|q′, p′〉|2f(q′, p′) .
It is the average value of the function f(q, p) with respect to the probability dis-
tribution (q′, p′) 7→ 1
2piaP c−1
|〈q, p|q′, p′〉|2. Viewed as a kernel, the latter is expected
to play a regularizing role under the form of a generalized convolution. Due to the
resolution of the unity (19), the scalar product 〈q, p|q′, p′〉 is a reproducing kernel for
a Hilbert subspace of L2(Π+, dq dp). It is given by
(49) 〈q, p|q′, p′〉 = 1
K0(ν)
K0
(
ν
q + q′
2
√
qq′
√
1 +
4iqq′(p′ − p)
aPνξ(q + q′)
)
, with ξ =
K1(ν)
K2(ν)
.
For the powers of q we have
(50) 〈q, p|Aqβ |q, p〉 =
Kβ(ν)Kβ+1(ν)
K0(ν)K1(ν)
qβ ,
in particular
(51) 〈q, p|Aq|q, p〉 = 〈q, p|Q|q, p〉 = K2(ν)
K0(ν)
q .
We recover 〈q, p|Aq|q, p〉 ' q if ν →∞. Otherwise we obtain for P = Ap
(52) 〈q, p|Ap|q, p〉 = 〈q, p|P |q, p〉 = p.
The expectation value 〈q, p|P 2|q, p〉 reads as
(53) 〈q, p|P 2|q, p〉 = p2 + a2P
K1(ν)
2K(ν)
K0(ν)K2(ν)
1
q2
.
We notice the supplementary term in 1/q2. Using the previous equations (37), (50)
and (53) we obtain
(54) 〈q, p|Ap2|q, p〉 = p2 + 2a2P
K1(ν)
2K(ν)
K0(ν)K2(ν)
1
q2
.
We notice that the 1/q2 coefficient in 〈q, p|Ap2 |q, p〉 and in 〈q, p|P 2|q, p〉 differ from
a factor 1/2.
The coupling constant of the supplementary term in q−2 vanishes as aP → 0 or
ν → 0, it becomes infinite as ν →∞ (for a fixed value of aP ). Finally we obtain for
the classical Hamiltonian hT of Eq.(12)
(55) hˇT (q, p) = α(w)p
2 + 2a2Pα(w)
K1(ν)
2K(ν)
K0(ν)K2(ν)
1
q2
+ 6k˜
Kµ(w)(ν)Kµ(w)+1(ν)
K0(ν)K1(ν)
qµ(w).
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We recover hˇT → hT (and qˇβ → qβ, pˇ2 → p2) if we assume first aP → 0 and
then ν → ∞ (the limits are not commuting). If we want to keep two independent
parameters and to have independent limits, we need to “renormalize” aP , including
in its definition some of the K-Bessel functions involved in the coupling coefficient
of q−2 as for example
(56) aP =
a˜P
2
√
K0(ν)K2(ν)
K1(ν)2K(ν)
,
where a˜P would be the new renormalized Planck area. Another solution (to avoid
the problem of non commuting limits) is to assume that ν is in fact a function of aP .
The expression ν(aP ) must be well chosen: we need to impose both a
2
Pν(aP ) → 0
and ν(aP )→∞ as aP → 0 (a simple solution is ν(aP ) ∝ 1/aP ).
5.4. Time evolution in phase space. For any normalized state φ ∈ H, the reso-
lution of unity allows us to get its phase space representation
(57) Φ(q, p) =
1√
2piaP c−1
〈q, p|φ〉
and the resulting probability distribution on the phase space Π+:
(58) Π+ 3 (q, p) 7→ 1
2piaP c−1
|〈q, p |φ 〉|2 = ρφ(q, p) .
In Figure 1 two phase-space distributions ρφ(q, p) are shown: for the ground state
ψ0 of Hcr and for the coherent state |q0, p0〉 with (q0, p0) = (2, 0). In both cases the
quantization parameters are chosen as ν = 80, aP = 1 and k˜ = 1.
Let us now examine the time behavior τ 7→ ρφ(τ)(q, p) for a state φ(τ) evolving
under the action of the Hamiltonian Hcr of Eq.(41):
|φ(τ) 〉 = e−iHcrτ/aP |φ 〉
=
∞∑
n=0
e−iEnτ/aP 〈ψn |φ 〉|ψn 〉 ,(59)
where |ψn 〉 is eigenstate of Hcr with eigenvalue En given in Eqs. (44), (45).
With |φ 〉 = |q0, p0 〉 as an initial state and using Eq.(55), we have for a given ν
(60) 〈q0, p0, τ |Hcr|q0, p0, τ〉 = 1
24
p20 + a
2
P
K1(ν)
2K(ν)
12K0(ν)K2(ν)
1
q20
+ 6k˜
K2(ν)K3(ν)
K0(ν)K1(ν)
q20 .
Since for large values of ν the lower symbols of Q = Aq and P = Ap correspond to
their classical original functions q and p, one can expect that the time average of the
probability law ρ | q0,p0,τ 〉(p, q), defined in (58), corresponds to some fuzzy extension
in phase space of the classical trajectory corresponding to the time-independent
16 H BERGERON, A DAPOR, J-P GAZEAU AND P MA LKIEWICZ
Figure 1. Phase space distributions (58): on the left for the eigen-
state ψ0 of Hcr, on the right for the coherent state |q0, p0〉 with q0 = 2,
p0 = 0. The parameters are fixed to the values ν = 80, aP = 1 and
k˜ = 1. The thick curve (figure on the right) is the expected phase tra-
jectory, deduced from the semi-classical hamiltonian in Eq. (60). The
ranges of variables q and p are respectively [0.2, 2.8] and [−35, +35].
Increasing values of the function are encoded by the colors from blue
to red.
Hamiltonian in the r.h.s. of Eq.(60). Similar dynamical issues of CS quantization
are encountered in the case of Po¨schl-Teller potentials [8].
This key result is illustrated in Figure 2 where we have represented the time average
distribution ρ¯ defined as
(61)
ρ¯(q, p) = lim
T→∞
1
T
∫ T
0
ρ| q0,p0,τ 〉(q, p)dτ =
1
2piaP c−1
∞∑
n=0
|〈q, p |ψn 〉|2|〈ψn |q0, p0 〉|2 ,
for the same values of the parameters as in Figure 1. The time average distribution
ρ¯ allows us to compare the quantum behavior with the classical trajectory, but the
expression (61) hides the details of the wave-packet dynamics, i.e. the bouncing of
the wave-packet during its periodic motion. The figure 3 represents this behavior.
6. Discussion and Conclusion
In this paper we employed integral quantization based on the affine coherent states
to derive quantum models of homogeneous and isotropic universe. As we already no-
ticed, the Weyl quantization brings unsatisfactory results, particularly when one
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Figure 2. Time average phase space distribution of Eq.(61) for
|q0, p0 〉(τ) evolving following the Hamiltonian Hcr. The values of pa-
rameters and the thick curve are those of Fig.1. The ranges in q and
p are respectively [0.2, 2.8] and [−35, +35]. The domain 0 ≤ q < 0.2
is not represented because of numerical instabilities. Increasing values
of the function are encoded by the colors from blue to red.
considers essential self-adjointness of the quantum hamiltonian. This invites depar-
tures from the canonical prescription. Our approach, based on the group structure
of the phase space, the affine group, provides a general quantization procedure for
an arbitrary observable and preserves the basic commutation rule. In the obtained
quantum model of the Friedman-Lemaitre universe the classical big bang singularity
is replaced with a quantum big bounce resulting in a smooth and complete evolution.
At the most general level, the removal of singularity is due to a unitary evolution: a
gravitational collapse, represented by the Dirac delta peaked at q = 0 can never be
reached as this state does not belong to the Hilbert space. The novelty introduced by
CS quantization is that the singularity resolution is accompanied by the occurrence of
a repulsive potential. The potential’s role is twofold: (i) on the quantum level it may
lead to a non-ambiguous unitary evolution across the bounce, (ii) on the semiclas-
sical level it provides a mechanism for the universe to stop contraction, bounce and
begin expansion, which is so much more natural than the hard bounce of the usual
quantizations. The pre-factor in the potential term (which will be discussed below) is
the desired free parameter that provides a way to match our theory to observational
constraints. In particular it may be used to set the energy scale at which quantum
effects come into play. Let us emphasize that this inverse quadratic potential arises
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Figure 3. Phase space distributions ρ | q0,p0,τ 〉(p, q) at different times
equally spaced (from top left to bottom right). The values of parame-
ters and the thick curve are those of Fig.1. The ranges in q and p are
respectively [0.2, 2.8] and [−35, +35]. Increasing values of the function
are encoded by the colors from blue to red.
not only for all possible choices of the fiducial vector ψ0 in our quantization scheme,
but also with a quantization procedure issued from Weyl-Heisenberg coherent states.
6.1. Finite universe. In the case for which the universe is non-compact the Hamil-
tonian formulation is derived through the restriction to a finite patch of space. The
inspection of the semiclassical Hamiltonian and the definition of the basic variables
(6) and (8) and the curvature constant k˜ shows the following: both the kinetic and
curvature terms of the Hamiltonian depend on the size of the patch like (
∫
dω)w+1
while the potential term behaves like (
∫
dω)w−1. In other words, the classical dy-
namics is invariant with respect to the choice of the patch, whereas the quantum
dynamics is not. The repulsive potential breaks the invariance and so the physical
content of the theory depends on the patch. Thus, one has to exclude non-compact
universe from quantum modeling. We note that it does not imply the curvature of
the universe: for k = 0 we may consider e.g. torus topology, for k = 1 the universe
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is necessarily compact, and for k = −1 there are infinitely many possible compact
spatial sections [27].
6.2. Planck era and the quantum phase. From the lower symbol of Hamilton-
ian (55) we deduce that the quantum effects become important once the repulsive
potential gets comparable with the kinetic part, that is p2 ≈ (β2(ν)/q2), where
β2(ν) = 2a2PK1(ν)
2K(ν)/(K0(ν)K2(ν)) .
In other words, the region of phase space in which classical dynamics cannot be
trusted is given by the inequality (with curvature neglected):
|pq| . β(ν) ,
which by making use of the definitions collected in the introductory section one can
translate into the geometric observables:
(62) |V θ| . 3(1− w)
8
β(ν) .
Thus the quantum effects do not depend neither on the size of the universe nor on
its expansion rate alone but rather on the specific combination of them both. It is a
common belief that the quantum dynamics begins roughly when the energy density
of matter hits the Planck scale and the universe is said to enter the Planck era.
However, our result does not confirm this assumption. First we note that by virtue
of the Friedman equation the energy density of matter content is proportional to the
expansion rate squared if the curvature term is neglected 5. However, inequality (62)
says that even for the Planck scale value of expansion rate the universe may still
be classical provided it is large enough. On the other hand, a low energy density
universe, which is small enough, may undergo a quantum phase.
Let us take a look at our Universe. For simplicity we will assume that the Universe
has been filled with radiation from the big bang up to present. Since we are exploring
the extension of the classical phase, we may use classical equation of motion. In
addition, we set the intrinsic curvature to zero, as the current observations suggest it
has not played a significant role in the evolution of the Universe so far. Then V θ =
V0θ0 · a
a0
, where the subscript 0 refers to the present value. Let us fix V0 ∼ 1081 m3
to be the size of the observable Universe today and θ0 ∼ 10−11c−1 s−1. Let the unit
of β(ν) be m2. Ineq. (62) is saturated for
(63)
a
a0
≈ 10−62β(ν) .
5This is a reasonable assumption, because as the universe approaches the singularity the intrinsic
curvature term becomes dominated by the energy density of fluid.
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Hence the size of the Universe on the brink of the quantum era cannot be smaller
than V ≈ 10−186β3(ν) m3 ≈ β3(ν)l3P , while the expansion rate is at least θ ≈
10113c−1 s−1β−2(ν) ≈ 1058t−1P c−1β−2(ν). Both these values may in principle be deep,
deep into the Planck era. In particular we estimate that the energy density of matter
was at that time:
(64) ρ ≈ 10113ρPlβ−4(ν) .
Now, we may expect that the quantum phase does not start prior to the Planck era
and so β(ν) . 1033 m2. Well, this is not strictly a constraint, because β(ν) can be
by any order of magnitude larger provided that the Universe is respectively bigger
than its observable part. Obviously, the above consideration relies on the simplest
possible model of the big bang singularity. Nevertheless, it indicates that the Planck
scale argument should be applied more carefully. As shown it is not applicable to
the size or the energy density of the universe alone. One may however wonder if
in another clock variable frame we would still obtain the same estimation for the
domain of validity of classical dynamics. In other words, if inequality (62) would
remain the same upon a different choice of clock, let us say - the size of the universe.
At the moment we only notice that the equality (62) is only weakly sensitive to the
value of w within its range.
6.3. Modified Friedman equation. Putting the lower symbol of the Hamiltonian
(55) back to the constraint equation (10) we obtain the effective Hamiltonian con-
straint. In order to get the modified or semiclassical Friedman equation, we need to
divide the constraint by lapse N = q2w/(1−w) and by volume V = q
2
1−w . We get:6
α(w)p2q−2
1+w
1−w +
3(1− w)2a2PK1(ν)2
(
1 + νK0(ν)
K1(ν)
)
64K0(ν)K2(ν)q
4
1−w
+ 6k˜
Kµ(w)(ν)Kµ(w)+1(ν)
K0(ν)K1(ν)
q
−4
3(1−w)
= pT q
−2 1+w
1−w .
Now, we combine the definitions of (q, p) and (a˜, p˜) to arrive at:(
a˙
a
)2
+ c2a2P (1− w)2
A(ν)
V 2
+B(ν)
kc2
a2
=
8piG
3c2
ρ ,
where
A(ν) =
K1(ν)
2K(ν)
32K0(ν)K2(ν)
, B(ν) =
Kµ(w)(ν)Kµ(w)+1(ν)
K0(ν)K1(ν)
.
6The lapse and volume are functions of physical degrees of freedom and as such are considered
as quantum operators. Thus, one might wish to use lower symbols of N and V instead of classical
counterparts to perform the division. However, we have already obtained semiclassical expression
in (55), and we should work with it by treating all the quantities, including N and V , classically.
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As the result of quantization we obtain two corrections to the Friedman equation.
First, the repulsive potential, which depends on the volume. We notice that as the
singularity is approached a → 0, the repulsive potential grows faster (∼ a−6) than
the density of fluid (∼ a−3(1+w)) and therefore at some point the contraction must
come to a halt. Second, the curvature becomes dressed by factor B(ν). This effect
could in principle be observed far away from the quantum phase. However, we do not
observe the intrinsic curvature neither in the geometry nor in the dynamics of space.
Nevertheless, we note that B(ν) ≈ 1 for large enough ν. The function A(ν) ' ν
128
for large ν. Assuming ν is large enough we obtain:
(65)
(
a˙
a
)2
+ c2a2P (1− w)2
ν
128
1
V 2
+
kc2
a2
=
8piG
3c2
ρ ,
The form of the repulsive potential featuring in Eq. (65) does not depend on the
state of fluid, which fills the universe. Therefore, we may conclude that the origin
of singularity avoidance is quantum geometrical. Although the potential’s coefficient
weakly depends on the matter content through (1 − w)2, the dependence on w can
be absorbed in the definition of ν. The potential provides a kind of hardness to the
collapsing space that resists its contraction. As the space contracts the gravitational
interaction grows and increases the contraction rate even more. Then, at some point,
the potential turns on and makes the contraction slow down until the space comes to
a complete halt and rebounds. After the rebound the expansion initially accelerates
and the potential turns off shortly after. Afterwards the dynamics becomes classical.
6.4. Constraint from cosmography. Szydlowski et al. [28] have studied cosmo-
graphical constraints for the additional source term of the form Ωmod(z + 1)
6 in the
ΛCDM model. It corresponds to the geometrical correction in our modified Friedman
equation. Interestingly, this kind of modification appears outside our construction in
the framework of loop quantum cosmology, brane-world scenarios and others. The
authors derived a constraint for the value of Ωmod. The constraint comes from a
diverse data set: SNe Ia and radio galaxies sample, baryon oscillation peak (from
Sloan Digital Sky Survey) and the so-called CMB shift parameter. The result can
be translated into our model’s free parameter as:
c2a2P (1− w)2
ν
128H20V
2
0
6 0, 26 · 10−9
from which we get:
a2P (1− w)2ν = 2β2(ν) . 10131 m4
This constraint is, as expected, milder than the one we got from assuming that the
correction comes into a play only after the Universe has entered the Planck era. The
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authors of [28] also estimate the constraint from the big bang nucleosynthesis to be:
a2P (1− w)2ν = 2β2(ν) . 10120 m4
which is still a much weaker constraint then the first one that we have arrived at.
6.5. Conclusion. The core result of this work is the occurrence of repulsive poten-
tial providing a mechanism for the singularity resolution. The potential is quantum
geometrical in nature and prevents the space from reaching the singular state. Even-
tually, the space-time rebounds. The potential is a generic and unexpected feature
of our quantization scheme. The coupling constant of the potential depends on the
choice of fiducial vector, which is used to generate coherent states. We fully param-
etrize this freedom with a positive and otherwise arbitrary parameter ν.
The free parameter is, in our mind, a desired result. First of all, ν may be used to
fit our model into observational constraints. We may also see the free parameter(s)
as “modeling” the more fundamental structure of Quantum Gravity. On one hand,
our theory is a merger of the principles of quantum mechanics and the dynamics of
gravitational field. On the other hand, unlike Weyl quantization, it includes the many
ways in which one may do the merger. It encompasses the absence of observational
clues of phenomena involving quantized gravity as well as the lack of knowledge of the
fundamental principles on which the full Quantum Gravity is perhaps to be achieved
one day. Our line of research may contribute to the discovery of this structure.
Our approach is bottom-up: we begun with quantizing homogenous and isotropic
models. Next we will move to more complex ones. The natural extension of this
work will be to allow for anisotropic evolution of space, which admits more complex
singularity. We also plan to include different choices of clock variable and complement
reduced phase space quantization with the Dirac method.
Acknowledgement
We thank Nathalie Deruelle for her comment on the manuscript. The work was
supported by Polonium program No. 27690XK Gravity and Quantum Cosmology.
Appendix A. Comment on affine quantization of gravity
The idea of proceeding in quantum gravity in its Arnowitt-Deser-Misner formula-
tion with an “affine” quantization instead of the Weyl-Heisenberg quantization was
already present in Klauder’s work [29] and also in [30].
More precisely, one starts from the classical “ax + b” affine algebra with its two
generators q (position), d = pq (dilation), built from the usual phase space canonical
pair (q, p), {q, p} = 1, and obeying {q, d} = q. Then, following the usual canonical
quantization procedure, q 7→ Q, p 7→ P , with [Q,P ] = i~I, one obtains the quantum
version of the dilation, d 7→ 1
2
(PQ+QP ), and the resulting affine commutation rule
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[Q,D] = i~Q. At the difference of the original Q and P , the affine operators Q and
D are reducible: there are three inequivalent irreducible self-adjoint representations,
Q > 0, Q < 0, and Q = 0. The quantization of classical observables follows through
the usual replacement f(q, d) 7→ f(Q,D) followed by a symmetrization. Then, a
specific family of affine coherent states |p, q〉 (in Klauder’s notation) is built from the
unitary action of the affine group
(66) |p, q〉 := eipQ/~e−i ln(q)D/~|β˜〉 ,
on a fiducial vector |β˜〉 chosen as an extremal weight vector which is a solution of
the first order differential equation
(67) (Q− 1 + (i/β˜)D)|β˜〉 = 0,
where β˜ is a free parameter. Note that this equation is the affine counterpart of the
a|0〉 = 0 satisfied by the Gaussian fiducial vector in the case of standard coherent
states.
Given a quantum operator A issued from this scheme, like the Hamiltonian, its
mean values or lower symbols A(p, q) = 〈p, q|A|p, q〉 allows to make the classical and
quantum theories coexist in a consistent way: the classical limit of this enhanced
affine quantization a` la Klauder is a canonical theory.
In [29] the authors build a toy model of gravity where p > 0 represents the metric
with signature constraints and q represents the Christoffel symbol. In the later work,
Klauder has chosen q > 0 for the metric and −p as the Christoffel symbol.
In a recent paper [31], Fanuel and Zonetti follow Klauder’s approach to affine
quantization to deal with highly symmetric cosmological models.
J. R. Klauder has also studied affine quantization of the entire gravitational field.
As one short and summarizing article look at [32] and references therein.
Like in our work, this “enhanced quantization” provides a natural and non am-
biguous regularization of some singularities encountered in Gravity. Actually, one
can consider the two approaches as complementary, the Klauder one being still based
on the usual canonical procedure, ours being based on integral quantization made
possible by a resolution of the identity obeyed by coherent states. We should add
at the credit of our approach that we leave a huge freedom in the choice of coherent
states. In any case, we suspect that the two procedures are physically equivalent
(respective quantum observables could differ at higher order in ~).
Appendix B. Definition and essential properties of the affine group
In this appendix, we leave aside all physical dimensions. Consider the affine trans-
formation on the real line:
R 3 t→ (a, b) · t := at+ b
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where the pair dilation-translation parameters (a, b) belongs to R∗+ × R.
The transformations (a, b) form a group with the composition rule:
(a, b)(a′, b′) = (aa′, ab′ + b) .
The neutral element is (1, 0) and the inverse of (a, b) is (a, b)−1 = (1/a,−b/a). This
group is called the affine group of the real line and denoted by the symbol Aff+(R).
It has a left-action and a right-action on itself. The left-invariant measure is
dadb
a2
,
whereas the right-invariant one is
dadb
a
.
In the main text, we use a slightly different realization of the group, namely we
perform a transformation of coordinates (a, b) → (q, p) such that the measure is of
the Lebesgue form, dqdp. One can easily check that this coordinate transformation
is
q = 1/a , p = b
for the left-action, and
q = ln(a) , p = b
for the right-action. This coordinate transformation affects the composition rule as
well:
(q, p)(q′, p′) =
(
qq′,
p′
q
+ p
)
, (q, p)(q′, p′) = (q + q′, eqp′ + p) ,
for the left-action and right-action respectively.
In the main text we consider only the left-action. Also, the choice of coordinates q and
p is such that they can be thought of as the configuration variable and its conjugated
momentum parametrizing the phase space of FLRW cosmology, which is the half-
plane Π+ = {(q, p) ∈ R2 : q > 0}. In particular, since (q, p) ∈ Π+ are canonical
variables, the symplectic structure wrt these variables is of the diagonal form, and
thus it follows that the measure is Lebesgue. That is why we did the transformation
from the mathematically more natural (a, b) to the physically meaningful (q, p).
We already saw how Aff+(R) acts on R: in term of the new variables,
s→ (q, p) · s = s
q
+ p .
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Let us make explicit Hilbert spaces, on which the (left-)action of Aff+(R) is unitarily
represented. They are parametrized by α ∈ R:7
Hα := L2(R∗+, dx/xα+1) .
The fact that these Hilbert spaces are based on the positive half-line, R∗+, is sug-
gested by the usual situation in QM: the wavefunctions are maps from the classical
configuration (in our case, the space where q takes values) to C. The requirement
that such functions are square-integrable is also a standard QM requirement, while
the weight in the Lebesgue measure is introduced for more generality. In the concrete
study of physical operators, we conveniently choose α = −1, so that the measure
becomes the usual one.
The action of the operators Uα(q, p) on ψ ∈ Hα is defined as
(Uα(q, p)ψ)(x) = q
α/2eipxψ(x/q) .
It is easy to check that Uα(q, p) is unitary. Its irreducibility has been shown in [16]
(see also [17]).
In the main text, we use the action of Uα(q0, p0) on a chosen ψ to produce the affine
coherent state, |q0, p0〉, peaked on a classical phase space point (q0, p0). As a function
of x it is defined as
〈x|q0, p0〉 = (Uα(q0, p0)ψ)(x) = qα/20 eip0xψ(x/q0) .
Due to the affine group composition rule, we see that acting with Uα(q, p) on |q0, p0〉
produces the functions
〈x|Uα(q, p)|q0, p0〉 = 〈x|Uα(q, p)Uα(q0, p0)|ψ〉 = 〈x|Uα(qq0, p0/q+p)|ψ〉 = 〈x|qq0, p0/q+p〉 ,
i.e.
Uα(q, p)|q0, p0〉 = |qq0, p0/q + p〉 =: |q′, p′〉 .
This shows that the coherent state |q0, p0〉 transforms covariantly under the action
of unitary operator Uα(q, p).
At this point, Schur’s lemma applies.
Schur’s lemma. Let G be a group with U its UIR on a vector space V . If M is an
operator on V such that U(g)MU(g)† = M for all g ∈ G, then M is a multiple of
the identity 1 on V : M = c · 1.
7 It has to be said that the quantum theories arising from two Hilbert spaces of this family are
unitarily equivalent, so one can effectively choose α at will, as it cannot play any role on the physics.
In particular, in the main text the choice is α = −1, as this corresponds to the usual Schro¨dinger
representation.
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In our case, it is easy to check that the operator
∫
dqdp|q, p〉〈q, p| satisfies the hy-
potheses of the lemma. Therefore, it follows that∫
dqdp|q, p〉〈q, p| = c · 1
Combining this operator identity with the projector |ψ〉〈ψ| on a suitably selected unit
vector |ψ〉 and taking the trace allow to compute the constant. It is finite because
the UIR is shown to be square integrable. This is nothing but the statement of the
main text that the CS family {|q, p〉} resolves the identity w.r.t. the measure dqdp/c,
and is the starting point for coherent state quantization, and, as well, for continuous
wavelet analysis.
Appendix C. Affine quantization for complex fiducial vectors
In what follows we extend definition (17) of wavelets to complex fiducial vectors
ψ0, which are rapidly decreasing functions on R∗+. The quantization of classical
functions f(q, p) is again implemented through formula (20). One finds
(68) Ap2 = P
2 +
aP
2
L
(
PQ−1 +Q−1P
)
+ a2P
K
Q2
where we extend definitions of K in (26) and cα in (18) as follows:
(69) K :=
∫ ∞
0
xdx
c−1
|ψ′0(x)|2 , cα :=
∫ ∞
0
|ψ0(x)|2 dx
x2+α
and introduce another constant, which vanishes for real ψ0:
(70) L := i
∫ +∞
0
(ψ′0ψ¯0 − ψ¯′0ψ0)
We note the extra term in the quantized hamiltonian, which is linear in P and thus
may be associated with the expansion of universe. Unlike the repulsive potential,
this extra term is present only for complex fiducial vectors. Its role in the singularity
resolution will be a subject of a separate investigation. In Appendix D we find that
it is present also in the Weyl-Heisenberg CS quantization.
Appendix D. Weyl-Heisenberg coherent state quantization
In what follows we present in fair detail computation of quantum operators for the
half-plane observables via the Weyl-Heisenberg CS. In agreement with the affine CS,
we find the repulsive potential of the quantum hamiltonian to be a general feature
of the employed scheme. In addition, we derive an extra term, which is proportional
to expansion and which occurs only for families of CS with complex fiducial vectors.
First, we map the half-plane, canonically parametrized by pair (q, p) ∈ R∗+ × R
onto the plane with the following canonical parametrization (q˜, p˜) := (ln q, qp) ∈ R2.
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In the new variables, we have q = eq˜ , p = p˜e−q˜ and p2 = p˜2e−2q˜. When we
take into account the dimension of q and p it becomes physically more meaningful
to use q˜ := ln
q
σ
and p˜ :=
qp
aP
, where σ has the dimension of q. Then we have
q = σeq˜ , p =
(aP
σ
)
p˜e−q˜ and p2 =
(aP
σ
)2
p˜2e−2q˜.
Any infinite-dimensional UIR of the Weyl-Heisenberg group is characterized by a
real number λ 6= 0 and may be given as
(71) Uλ(q˜, p˜) := e−iλp˜q˜/2eiλp˜Qe−iλq˜P
acting in L2(R, dx) in the following way:
(72) Uλ(q˜, p˜)φ(x) = eiλp˜(x−q˜/2)φ(x− q˜) .
Hence (Qφ)(x) = xφ(x) and (Pφ)(x) = − i
λ
∂φ
∂x
(x) are the generators of the represen-
tation, which satisfy the CCR. We fix λ = 1 and denote the representation simply
by U(q˜, p˜). Given a normalized vector φ0 ∈ L2(R, dx), a continuous family of unit
vectors
(73) |q˜, p˜〉 = U(q˜, p˜)|φ0〉 , 〈x|q˜, p˜〉 = eip˜(x−q˜/2)φ0(x− q˜)
resolve the unity. They are the Weyl-Heisenberg coherent states in quantum me-
chanics and Gabor states in time-frequency signal analysis [1]. They may be used to
implement the quantization of classical function f(q˜, p˜) via
(74) f 7→ Af =
∫
Π
dq˜dp˜
2pi
f(q˜, p˜) |q˜, p˜〉〈q˜, p˜| .
In order to compare quantum operators obtained respectively from the W-H CS and
from the affine CS, we introduce the isometry T : L2(R, dx) 3 φ(x) 7→ ψ(y) :=
φ(ln y)√
y
∈ L2(R∗+, dy). One easily checks that
(75) Te−2xT † =
1
y2
, T
∂
∂x
T † =
√
y
∂
∂y
√
y .
Note that the self-adjoint −i∂/∂x acting in L2(R, dx) is transformed into the self-
adjoint dilation acting in L2(R∗+, dx).
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The quantized kinetic term. In what follows we compute Ap2 :
Ap2 =
(aP
σ
)2 ∫
Π
dq˜dp˜
2pi
p˜2e−2q˜ |q˜, p˜〉〈q˜, p˜|(76)
=
(aP
σ
)2 ∫
Π
dq˜dp˜
2pi
eip˜(x−x
′)φ0(x− q˜)φ¯0(x′ − q˜)p˜2e−2q˜
=−
(aP
σ
)2 ∫
Π
dq˜dp˜
2pi
(
eip˜(x−x
′)
)
,xx
φ0(x− q˜)φ¯0(x′ − q˜)e−2q˜
=−
(aP
σ
)2 ∂2
∂x2
[∫
R+
dq˜δ(x− x′)φ0(x− q˜)φ¯0(x′ − q˜)e−2q˜
]
+ 2
(aP
σ
)2 ∂
∂x
[∫
R+
dq˜δ(x− x′)φ0(x− q˜),xφ¯0(x′ − q˜)e−2q˜
]
−
(aP
σ
)2 [∫
R+
dq˜δ(x− x′)φ0(x− q˜),xxφ¯0(x′ − q˜)e−2q˜
]
=
(aP
σ
)2 [
− ∂
2
∂x2
e−2xδ(x− x′)a+ 2 ∂
∂x
e−2xδ(x− x′)b− e−2xδ(x− x′)c
]
where
(77) a =
∫ +∞
−∞
φ0(x)φ¯0(x)e
2x, b =
∫ +∞
−∞
φ′0(x)φ¯0(x)e
2x, c =
∫ +∞
−∞
φ′′0(x)φ¯0(x)e
2x
Hence,
(78)
TAp2T
† =
(aP
σ
)2 [
−a ∂
2
∂y2
δ(y−y′)+2(a+b)1
y
∂
∂y
δ(y−y′)+(−9
4
a−3b−c) 1
y2
δ(y−y′)
]
To simplify notation we define ψ0 := Tφ0 and introduce
(79) In :=
∫ +∞
0
yn|ψ0|2 , Jn :=
∫ +∞
0
yn|ψ′0|2 , Kn :=
∫ +∞
0
yn(ψ′0ψ¯0 − ψ¯′0ψ0) ,
where the last quantity is purely imaginary. Now, the coefficients (77) read
a = I2 , b = −I2 + 1
2
K3 +
(
1
2
y3|ψ0(y)|2
) ∣∣∣∣∞
0
(80)
c =
13
4
I2 − J4 −K3 −
(
y3|ψ0(y)|2 − 1
2
y4(|ψ0(y)|2)′ − 1
2
y4(ψ′0ψ¯0 − ψ¯′0ψ0)
) ∣∣∣∣∞
0
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The quantized coordinates. We compute operators for the coordinates in the
half-plane q = σeq˜ and p = (aP
σ
)p˜e−q˜ as follows:
(81)
Aq = σ
∫
Π
dq˜dp˜
2pi
eq˜ |q˜, p˜〉〈q˜, p˜| = σ
∫
dq˜dp˜
2pi
eip˜(x−x
′)φ0(x−q˜)φ¯0(x′−q˜)eq˜ = σδ(x−x′)I−1ex
hence
(82) TAqT
† = I−1σyδ(y − y′) .
The above can be generalized to
(83) TAqαT
† = I−ασαyαδ(y − y′) .
Also,
Ap =
(aP
σ
)∫
Π
dq˜dp˜
2pi
p˜e−q˜ |q˜, p˜〉〈q˜, p˜| =
(aP
σ
)∫ dq˜dp˜
2pi
eip˜(x−x
′)φ0(x− q˜)φ¯0(x′ − q˜)p˜e−q˜
= −i
(aP
σ
) ∂
∂x
e−xδ(x− x′)I1 + i
2
(aP
σ
)(
−I1 +K2 + y2|ψ0(y)|2
∣∣∣∣∞
0
)
e−xδ(x− x′)
hence
(84) TApT
† = −i
(aP
σ
)
I1
∂
∂y
δ(y − y′) + i
2
(aP
σ
)(
K2 + y
2|ψ0(y)|2
∣∣∣∣∞
0
)
1
y
δ(y − y′)
The quantized expansion rate. Similarly, one finds that
TAθT
† =
3
8
(1− w)aPσ−
1+w
1−w
[
− i
2
I 2
1−w
(
y−
1+w
1−w
∂
∂y
+
+
∂
∂y
y−
1+w
1−w
)
+
i
2
(
K 3−w
1−w
+ y
3−w
1−w |ψ0(y)|2
∣∣∣∣∞
0
)
y−
2
1−w
]
δ(y − y′)(85)
The specification of ψ0. In what follows we assume ψ0 to be a rapidly decreasing
function so that all the boundary terms vanish. Suppose that ψ0 is complex and
Kn 6= 0. We now define Q := σx and P := −iaPσ ∂∂x . Then
(86) Ap2 = I2P
2 +
iaP
2
K3
(
PQ−1 +Q−1P
)
+ a2P
(
−10
4
I2 + J4
)
1
Q2
is apparently symmetric but its extension to a self-adjoint operator is a separate
issue. The basic variables read:
(87) Aq = I−1Q , Ap = I1P +
iaP
2
K2
1
Q
and the expansion rate reads
(88) Aθ =
3
16
(1− w)I 2
1−w
(Q−
1+w
1−wP + PQ−
1+w
1−w ) +
3iaP
16
(1− w)K 3−w
1−w
Q−
2
1−w
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For ψ0 real the above formulas simplify further:
(89) Ap2 = I2P
2 + a2P
(
−10
4
I2 + J4
)
1
Q2
, Aq = I−1Qˆ , Ap = I1Pˆ
It follows that in order to recover the canonical rule we need I−1 = I−11 . Note that
the coefficient in front of the potential satisfies:
(90) − 10
4
I2 + J4 > −1
4
I2,
which ensures the positivity of Ap2 .
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